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Abstract

The term “non-conventional” project or “project with non-conventional cash flows” was introduced
into economic literature after the internal rate of return (IRR) was shown to have multiple values or not exist
at all in some projects. A project is considered to be conventional if it has only one change in the cash flow
sign, no matter whether minus to plus or vice versa. A conventional project has a unique IRR. However,
not all projects with a multiple sign change in cash flow are non-conventional, i.e. have problems with IRR
determination. To ascertain the project type, the generally accepted approach recommends investigating
monotony of the net present value (NPV) depending on the discount rate in order to find out how many
IRRs the project has. On the other hand, neither the monotony of the NPV function nor a unique IRR
guarantee that the project is conventional. The IRR is known to be a rate of return for a conventional
investment project rather than a non-conventional project. Moreover, it was shown that the rate of return of
a non-conventional project cannot be determined within the framework of the NPV method, and therefore
the concept of profitability cannot be formulated. The recently proposed generalized net present value
(GNPYV) method allows us to determine the rate of return of a non-conventional project.

This paper presents a method to determine the rate of return for an investment project of any type
and proves that in the case of a conventional project the rate of return is the IRR, while in the case of a
non-conventional project it is the generalized internal rate of return (GIRR). The necessary and sufficient
conditions of conventional and non-conventional projects have been formulated.
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Introduction if its cash flows have only one change in sign, no matter
whether minus to plus or plus to minus [1, 2]. Accord-
ing to this definition, all projects with cash flows hav-
ing multiple changes in sign are automatically referred

to as non-conventional projects. However, this cannot

he term “non-conventional” / “non-normal”
project or “project with non-conventional cash
flows” was introduced in economic literature af-

ter it had been discovered that the internal rate of return
(/RR) could not be used to assess project effectiveness
(i.e. the /RR is not the rate of return of a project in the
classic sense). A project is considered to be conventional

16

be justified from the methodological point of view: mul-
tiple changes in sign are a property (necessary condi-
tion) of non-conventional projects, but not a definition
(attribute) allowing us to clearly differentiate between
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conventional and non-conventional projects. In order
to determine the project type, the generally accepted
approach recommends considering the property of the
function NPW(r): its monotony and existence of a multi-
ple-valued /RR or absence of an /RR. However, neither
monotony of the function NPW(r) nor the unique real-
valued /RR is an attribute of a conventional project. This
proposition is refuted by Gronchi [3] when describing a
project with the following cash flows: (—100, 270, —270,
170). This project has a monotonically decreasing func-
tion NPW(r), a unique real value IRR = 70%, but is not a
conventional project'.

A sufficient condition is considered to be an attribute
in logic and mathematics. Among the researchers who
formulated a sufficient condition of a conventional
project are de Faro & Soares [4], Soper [5], Gronchi
[3], Cannaday et al. [6], Bussey & Eschenbach [7], Tei-
chroew et al. [8], Bernhard [9], Hajdasinski [10], Hazen
[11], Beaves [12], Lohmann [13], Kulakov & Kulakova
[14]. The majority of economists consider the same sign
of the present (or future) value of a project at the rate
equal to the IRR to be a sufficient condition of a con-
ventional project [9—13]. Some economists believe that
the project type depends on the discount rate. For ex-
ample, Teichroew et al. [8] and Hazen [11] determine
project region changes of the discount rate for a non-
simple project, where the projects are termed as a pure
investment, mixed and pure financial regions. At the
same time, Magni supposes that by choosing a discount
rate in each period at discretion one can convert a con-
ventional project into a non-conventional one [15]. In
our opinion, this proposition is erroneous: the project
type should not depend on the discount rate. Besides,
the existence of different versions is based on the fact
that there is no mathematical definition of conventional
and non-conventional projects. To-date no criterion or
necessary and sufficient condition identifying a project
type has been formulated. This paper offers a solution to
the problem in question.

It has long been recognized that non-conventional
projects have problems with determination of the /RR
as the rate of return of a project. However, it is the im-
perfections of the NPV method that lie at the root of the
problems with the /RR [14, 16]. The rate of return of a
non-conventional project cannot be determined within
the framework of the NPV method. Generalization of
the NPV to the GNPV by using different rates when at-

tracting and reinvesting funds instead of a single rate al-
lows us to resolve the problems with the NPV wrongly
attributed to the IRR. In the next section, we formulate
the mathematical formulae determining the rate of re-
turn for any project type, both conventional and non-
conventional, and we prove that in the case of a conven-
tional project the rate of return is the /RR, and in the
case of a non-conventional project it is the GIRR [17].
After that, we define and formulate the necessary and
sufficient condition for conventional and non-conven-
tional projects. In the fifth section, we present examples
of two types of projects with comments followed by con-
clusions.

1. Determination of the rate of return
of an investment project

Since the IRR is the rate of return of a convention-
al project, it is necessary to start with the definition of
the rate of return of an investment project. Bierman and
Smidt have suggested the following definition: “The in-
ternal rate of return of a conventional investment rep-
resents the highest rate of interest an investor could af-
ford to pay on debt without losing money if all funds
to finance the investment were borrowed and the loan
(principal and accrued interest) was repaid by applica-
tion of the cash proceeds from the investment as they
were earned” [18]. Based on this definition, the interest
rate on a loan can be determined as follows: “The loan
interest rate (rate of cost) represents the minimum rate
of return of an external project in which the borrowed
funds can be invested to generate sufficient income to
repay the loan with the accrued interest”.

In order to avoid excessive repetitions, we will con-
sider only investment projects. First, let us take a sim-
ple project consisting of only two cash flows: negative
CF,and positive CF,. As the initial cash flow is negative
(CF,<0), additional capital has to be raised to finance
the project. Suppose a loan §; = — CF, with an interest
rate r per period is granted. After a period, the loan with
the accrued interest will be equal to S, = § (1+ 7). The
rate r* at which the total amount of debt will be equal
to the income CF, is the rate of return of the investment
project S, (r*) = CF,, the rate r* being the highest inter-
est rate an investor can afford without a loss. We next
prove the proposition.

Proof: The function S,(¥) monotonically increases as
the discount rate increases because

' The cash flow considered by Gronchi is a special case project: —A4, A (2+r), —A (2+r), A (1+r), where A is the
initial investment, and » = I/RR. This project is non-conventional, because the present values changes sign:
PV,=A0+n >0, PV,=-AQR+nN + A==-A(+nN <0, PV, =AQ2+r)—A=A(+n >0, PV, =-A+ A=0.
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s, =8,=-CF >0.
dr

Indeed, for 6 >0 and r = r*+6 we have: S (r) — CF,=
=8, (+n —CF =S, (1+r* + 86 - CF, = S,0 > 0.
QED. The debt will not be repaid.

Now let us consider an investment project containing
more than two cash flows. Let CF, be the project’s cash
flows in period i, where i =0, 1, ... , N. Suppose that the
flows are formed at the beginning of every period. If the
project balance is negative in some period, a loan will be
borrowed to finance the project, and the resulting debt
(loan with accrued interest) is repaid at the beginning of
the next period. Payments on the current debt are made
from cash inflow or a new loan covering the previous
debt and outflow of this period. Thus, the debt balance
S in period i is determined as follows:

S, =—CF,,S,,, =

i+1

—CF,, +S.(1+r)ifS, 20,
- Fi+1+Si ifS,<0,
i=0,..,N-1,

where r — an interest rate.

(M

Technically, the debt balance of the project corre-
sponds to the investment stream [11], the negative un-
recovered investment balance stream [7], the project
balance [8], the capital invested [13]. It should be noted
that no interest is charged on the negative debt balance.
The rate »* at which the debt will be repaid at the end of
the project Sy (#*) = 0 is the rate of return of the project.
Let us prove that r* is the highest and unique rate. We
will calculate a derivative of the debt balance for every
period from the beginning to the end of the project. In
period 1 we have:

ﬁ =S5,=—CF >0.
dr
In period i
ds. d
—=—(-CE+S,_ (1+r))=S§,_,.
dr dr( i l—l( r)) i-1

Let the debt balance be positive in every period from 0
to i-1, and negative in period i.

As S, =-CF +S,_,(1+r)<0 then S, =-CF,_, +S.
Let us calculate a derivative of the debt balance in

period i+1:

dSM = ﬁl (_CEH
dr dr

By calculating the debt balance derivative for subse-

quent periods until the end of the project, we will obtain
ds d
d—;" = Er(_ CF, +S,_(1+r))=S8,_>0.

+5)) =£(—CE+S,,I(1+ r)=5.,>0.

Therefore, the debt balance S, (r). is a monotonically
increasing function of an interest rate r; so if the equa-
tion S, () = 0 has a solution, then the solution is unique.
For a solution to exist, the sum of all cash flows has to be
positive, in which case the debt balance at a zero interest
rate will be negative.

N
Sy(0)==YCF, <0

i=0
(Corollary of the Intermediate Value Theorem).
Thus, the definition of the rate of return of an invest-
ment project is as follows: Let CF, where i =0, 1, ... , N

be the project’s cash flows. If there exists a rate »* such
that —1 <r*<e and the following conditions hold:

S, =-CF, Q.1
g _TCEars Qs o
M- E‘+1+Si ifS,<0, e 2
S, () =0 (2.3)

then rate r*is the rate of return of the investment project.

The given definition is suitable for both conventional
and non-conventional projects. We can now go on to de-
fine a conventional project.

The definition of a conventional project: If the /RR
is the rate of return of an investment project, then the
project is conventional. The converse is also true: if the
project is conventional, the /RR is its rate of return.

Although the above definition is not new, it enables
us to formulate a necessary and sufficient condition for
the conventional project, namely: for the /RR to be the
rate of return of an investment project, it is necessary
and sufficient that all project present values discounted
by the IRR should be positive in every period except the
initial one.

2. Necessary and sufficient conditions signifying
that a given project is conventional
(the IRR is its rate of return)

2.1. Sufficient condition

Let CF, be project’s cash flows, where CF, < 0 and

XCF, > 0,i=0,1, .., N If for V i there exists
—1 <r<eo and the following conditions hold:
PV, >0, where 3.1
PV,
PV, =CF,,PV,=——+CF, 3.2)
1+r

NPV (r)= PV, (r) =0. (3.3)

Then the discount rate r is the rate of return of the
project and the project is conventional.
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Proof: We will calculate a derivative of the present val-
ue with respect to the discount rate. The derivative of the
present value at time 7 with respect to rate ris equal to:

dPvy _dCE
dr dr
dPV d PV1+1 +CE — PV1+1 dPVm 1 ,
“dr dr\1+r 1+r dr )1+r
i=N-l,
Thus, if for Vi PV,,, > 0, then the derivative df;Vf <0,
»

consequently the function PV, (r) monotonically
decreases as the rate r increases. Continuing the

calculation until time i = 0, we get % < 0. Thus,
r

the NPV(r) monotonically decreases as the discount rate
increases. Therefore, the equation NPV (IRR) = 0 can
have a single real root.

Note that r* from the equation S, (¥*) =0 (2.3) co-
incides with (is the same as) the /RR. It is evident that
S, (r¥) = =NPV (r*)(1+ r¥)". So, if NPV, (r*) = 0, then
S, (r*) = 0. Therefore, if conditions (3) are met, the /RR
is the project’s rate of return.

2.2. Necessary condition

Let CF be the project’s cash flows, where i=0, 1, ..., N
and the project’s IRR be its rate of return. Then we have

CF,
= — =0 and
= (1+r*)
S, (r¥) = =NPV (r¥)(1+ r*¥)" =

Let us prove that for
Vi<N: S(r*)=0.
Proof: Let 3k # N for which S, (+*) <0 then:

Sia=-CFE, +5, =8, =
N , C))
==Y CF(1+r)"" = 8, (%) = f((1+rH"™).
izk
But then the equation S, (r*)=—NPV (r*)(1+r*)"
is wrong. Therefore, every §, should be positive.

The proof provided of a necessary condition perhaps is
not strict enough to define a non-conventional project.
Another proof can be found in [19].

The definition of a non-conventional project: Replac-
ing “is” with “is not” might seem logical: If the /RR is
not the rate of return of an investment project, then the
project is non-conventional. However, the /RR may not
exist either at all or in a given interval of the discount

rate range. This case will be considered in the next sec-
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tion of the paper. Let us now consider a case when the
IRR does exist.

Necessary and sufficient conditions signifying that a
given project is non-conventional:

Let us have a project with cash flows CF,, where
i=0,..., N, N> 3 and the following conditions hold:

Iffor0<r<eodije N, ..., 1; (i#)) so that:
PV.20and PK< 0, where

PV
PV, =CF,, PV,.=L+CFI., PV, (r)=0 ®)
(1+7r)

Then the project is non-conventional.

The NPW(r) is a function of the Nth degree of the dis-
count rate r. However, the debt balance function §,(r)
will have the maximum power of » which is less than N
according to (4). Therefore, the rate » defined by condi-
tions (5) is not the rate of return.

The converse is also true: If #*# IRR then 3 PV, < 0.
Proof: According to conditions NPV (IRR) = 0,

NPV(IRR)-(1+IRR)¥ =0, since IRR# -1. Let us assume
that for Vi PV, (IRR) > 0. Then

CF

N
0=NPV(IRR)-(1+IRR)"= Y ————— ]RR)

i=0 (
N .
=Y CF,(1+IRR)"" =-S,(IRR)=0.
i=0

1+ IRR)"=
(6)

Butr*from (2)isnotequaltothe /RR, which meansthat
Sy (IRR) # 0; as a result, we have got a contradiction of
Jk for which PV, (IRR) <0.

Unfortunately, it is impossible to use this definition in
the case when the non-conventional project has no the
IRR. Nevertheless, the rate of return of the non-conven-
tional project does exist and can be defined in terms of
the GNPV method.

Generalizing the NPV
(the GNPV method)

Several researchers point out the advantages [16] and
even justify [17] the application the NPV method to
non-conventional projects. Kulakov and Kulakova [14]
have recently proposed the GNPV method, which gen-
eralizes the NPV method by using two discount rates (fi-
nance and reinvestment).

The GNPV function is determined by consistently dis-
counting cash flows from the end to the beginning of the
project. If the present value of the project in a certain
period is positive, we use the internal discount rate, oth-
erwise — the external one. The internal rate determines
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the cost of funding an investment, and the external rate
determines the return on the investment. The GNPV
function is determined as follows [14]:
PV, =CF, (6.1)
Ll sk i,
(1+7r)
otherwise

%+CF,, wherei=N -1, ...,0;
| 1+ p)

GNPV (r,p) = PV,

>0,

(6.2)

(6.3)

where CF, is the project’s cash flow in period i,
(i =N, .., 0); PV is the project’s present value in
period i; r and p are the internal and the external dis-
count rate, respectively.

To find the roots of the GNPV function it is necessary
to solve the equation:

(7

The solution of this equation can be sought in the form
of r= r(p) or p = p(r) depending on the purpose of non-
conventional project evaluation. The GIRR is a rate of
return and represents the maximum interest rate on the
loan borrowed to finance the project, with the resulting
income of the current project used to repay the principal
amount and the accrued interest. The GIRR (p) is the
function of the reinvestment rate p. The GERR (r) is a
rate of cost and represents the minimum rate of return of
an external project in which the borrowed funds can be
invested to generate sufficient income to repay the loan
with the accrued interest.

GNPV (r,p)=0

The systems of the equations (2) are equivalent to
(6-7) if rate p is equal to 0.
3. Discussion
Let us consider several projects using the above approach.

3.1. A project
(cash flows change sign more than once)

Let us consider a project with cash flows having multi-
ple changes in sign (7able ).

Table 1.
A conventional project
Period 0 1 2 3
Cash flows -100.0 117 -90.0 120.0
NPV at r =20% 0.0 120.0 10.0 120.0
GNPV(r, 0) 0.0 120.0 10.0 120.0

20

Although the cash flows change sign more than once,
the project's /RR is unique and equal to 20%. As all
project present values are positive in every period except
the initial one, the project is conventional.

The highest loan interest rate »* at which the project
income covers the loan and accrued interests without
loss is 20% per year (Table 2). Therefore r* is the rate
of return of the project. The IRR is equal to r*, so the
project is conventional.

Table 2.
Cash flow statement
(the loan interest rate is 20%)
Period 0 1 2 3
Operating 0 91.7 -1.7 | 100.0
Interest payments 0 -20.0 =17 -20.0
Cash received from project 0 117 0 120.0
Investing -100 0 -90.0
Cash paid to project -100 0 -90.0
Financing 100 -91.7 | 91.7
Borrowing loan 100 0 91.7
Loan repayment 0 =917 0 -100.0
Debt balance 100 8.3 100.0 0.0

3.2. Two similar projects of different type

Let us consider two similar projects (7able 3, Table 4),
which have the same changes in sign and cash flows in
every period except the last one.

Table 3.
A conventional project
Period 0 1 2 3
Cash flows -100.0 1200 | -100.0 120.0
NPV at r = 20% 0.0 120.0 0.0 120.0
GNPV (r, 0) 0.0 120.0 0.0 120.0

The project’s IRR is unique and equal to 20%. As all
project present values are not negative in every period,
the project is conventional.

Table 4.
A non-conventional project
Period 0 1 2 3
Cash flows -100.0 120.0 -100.0 110.0
NPV atr=15.7% 0.0 115.7 -49 110.0
GNPV (15,4%, 0) 0.0 115.4 -4.6 110.0

The IRR of the project is equal to 15.73%. The present
value in period 2 is negative therefore the project is non-
conventional. Table 5 presents the calculation of the high-
est loan interest rate #* at which the project income covers
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the loan and accrued interests without loss. As the rate #* is
15.4% and is not equal to the /RR, the project is non-con-
ventional. While the GIRR(0) = 15.4% is the same as r*.
Table 5.
Cash flow statement (loan interest rate is 15.4%)

Period 0 1 2 3
Operating 0 104.6 0.0 95.4
Interest payments 0 -15.4 0.0 -14.6
Cash received from project 0 120.0 0 110.0
Investing -100 0 -100 0
(Cash paid to project -100 0 -100 0
Financing 100 | -100.0 | 95.4 | -95.4
Borrowing loan 100 0 95.4 0
Loan repayment 0 -100.0 0 -954
Debt balance 100 0 95.4 0

3.3. A project without IRR

Let us consider a non-conventional project without an
IRR (Table 6).

Table 6.
A non-conventional project without an IRR
Period 0 1 3
Cash flows -100.0 195.0 -100.0
NPV at r =-5% (no the /RR) -55 89.7 -100.0
GNPV (-5%,0) 0.0 95.0 -100.0

As the project does not have an /RR, it is non-con-
ventional.
Table 7.
Cash flow statement (the loan interest rate is -5%)

The loan interest rate r* at which the project income
covers the project outflows is —5% (Table 7). Therefore
r*isthe rate of return of the project. An /RR does not ex-
ist, while the GIRR(0) = —5% is the same as r*.

Conclusion

Generally, all projects with cash flows having multi-
ple changes in sign are referred to as non-conventional
projects. That is just a property, but not a definition of
a non-conventional project. Most economists consider
the same sign of the present (or future) value of a project
at the rate equal to the /RR to be a sufficient condition
(attribute) of a conventional project. However, the de-
termination of conventional and non-conventional
projects has not been formulated yet.

It is known that non-conventional projects have prob-
lems with determination of /RR (a multiple-valued
IRR or no real-valued /RR at all). On the other hand,
if a project has a single /RR, this does not mean that
the project in question is conventional. The /RR for a
conventional project is its rate of return. Therefore, it
is logical to conclude with a definition that the project
is conventional if the /RR is the rate of return, and con-
versely, if the /RR is not the rate of return, the project is
non-conventional. However, the rate of return of a non-
conventional project cannot be determined within the
framework of the NPV method. Generalization of the
NPV to the GNPV by using two different rates when at-
tracting and reinvesting funds instead of a single rate al-
lows us to determine the rate of return of a non-conven-
tional project.

Period 0 1 2 This paper presents a mathematical determination of
Operating 0 200.0 0 the rate of return for an investment project of any type
Interest payments 0 50 0 and proves that in the case of a conventional project
Cash received from project 0 195.0 0 the rate of return is the /RR, while in the case of a non-
Investing 100 0 _100 conventional project it is the GIRR. The necessary and
5 : sufficient conditions of the conventional and non-con-
(Cash paid to project -100 0 -100 ) )
- - ventional projects have been formulated. We hope that
Financing 100 -100.0 0 .. .
: application of the proposed methodology to investment
Borrowing loan 100 0 0 . . oy . . .
project profitability assessment will simplify calculation
Loan repayment 0 —1000 0 processes and help to avoid possible errors resulting from
Debt balance 100 0 0 the imperfections of the NPV method. m
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AHHOTALUSA

[NoHsTHE «HETUTIMYHBI», «HECTAHTAPTHBIN» TIPOEKT WIN «MIPOEKT C HETUMUIHBIMUA NEHEXHBIMU TTOTOKAMU»
BBEIECHO B 9KOHOMUYECKYIO JINTEPATYPY MOCIIE TOT0, KaK ObLJIO MOKA3aHO, YTO AJIs HEKOTOPBIX TPOEKTOB BHYTPEHHSIS
HoMma aoxonHoctu (internal rate of return, IRR) MoxeT uMeTh HECKOIBKO 3HAUEHUI WM HE CYyIlIeCTBOBATh BOBCE.
[IpoekT cumTaercsi «TUMUYHBIM», €CIM er0 IEHEXHBII MOTOK TOJNBKO OOWH pa3 MEHSET 3HaK, HEe3aBUCUMO OT
HampaBJIeHHUsI: C MUHYCa Ha IUTIOC WJIM Ha000poT. TUMMMYHBIN MpoeKT uMeeT eauHcTBeHHoe 3HaueHue IRR. OnHako
He BCE MPOEKTHl C MHOTOKPAaTHBIM U3MEHEHUEM 3HaKa NEHEKHOTO TIOTOKA SIBIISTIOTCS «HETUITMYHBIMUY, T.€. UMEIOT
npoo6semsl ¢ onpeneiaeHueM IRR. IToaTtomy Teopusi peKoOMeHAyeT il ONpeaeieHus TUIa MPOoeKTa UCCIea0BaTh
3aBUCUMOCTbH (DYHKIIMY YUCTOTO IMCKOHTHPOBAHHOTO oxoia (net present value, NPV) oT cTaBku TUCKOHTUPOBAHUS
Ha MOHOTOHHOCTb C LIeJIbIO BBISIBJIEHUSI MHOXeCTBeHHOCTH Wit otcyTcTBUsI IRR. C npyroii cropoHbl, MOHOTOHHOCTD
NPV u enviHc BeHHOoe 3HaueHue IRR He rapaHTUPYIOT TOTO, YTO MPOEKT TUIIUYHBINA. bojee Toro, 6b110 MoOKa3aHo,
YTO JOXOTHOCTh HETUITMYHOTO TIPOeKTa B pamKax noaxona NPV He MoxeT ObITh orpeneneHa, a, CleqoBaTelbHO, 1
MOHSATUE JOXOMHOCTU HE MOXET ObITh cpopMmyaupoBaHo. HemaBHO ObUT MpemsiokeH MeTol 000OIIEeHHOM YMCTOM
npuBeneHHoU croumoctu (generalized net present value, GNPV), Ha ocHOBe KOTOPOTO MOXET OBITh paccuMTaHa
JIOXOAHOCTb «HETUITMYHOIO» MPOEKTa.

B nmaHHOI cTatbhe cHOPMYTUPOBAHO TIOHSITHE HOXOMHOCTH IJISI WMHBECTUIIMOHHOTO IPOEKTa JI00O0ro THMa U
JloKa3zaHa ee TOXIECTBEHHOCTh 0000IIeHHON BHYTpeHHe HopMe aoxomHocTu (generalized internal rate of return,
GIRR), BriTekatomieit 3 metoma GNPV. [laercss onpenenenvie u hopMyIupyloTcs: HEOOXOMUMOE U IOCTAaTOYHOE
YCJIOBUSI TUTTMYHOTO U HETUITMYHOTO MPOEKTa.
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