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Аbstract

This paper is devoted to mathematical modeling and optimization of business processes and 
process systems under conditions of uncertainty. At present, modeling of business processes is mainly 
descriptive, which does not allow quantitative modeling and optimization in the design of processes 
and process systems. In addition, the existing methods of decision-making in business processes are 
based on the assumption that the decisive factors are deterministic. Despite uncertainty of the real 
processes caused by the uncertainty of future costs of resources, the market environment, economy, 
fi nances, etc., the factors of an uncertain future are either not taken into account, or are believed to 
be the same as those observed  currently. 

In this paper, a stochastic interval mathematical optimization model is developed. This model 
allows us to simulate in a quantitative way the business processes and process systems in which 
they take place, taking into account the uncertainties of the future state of the economy, fi nances, 
market environment, costs of resources, as well as future realization of chances and risks related to 
the productive, supporting, and service processes. The criterion for optimality of the model is the 
maximization of the smallest deviation of the projected chances and risks, which makes it possible 
to make the best decision in the case that the most unfavorable conditions for the business process 
occur in the future. The criterion of optimality adopted in the mathematical model takes into account 
not only the uncertainty of the future state of the economy, fi nance, and market environment, but 
also the psychology of decision-making and the subjective nature of  judgments and estimates. We 
present a concept and method for estimating the inductive (logical, subjective) probabilities of the 
occurrence of uncertain projected business process factors. 

The models and methods developed in the paper make it possible to carry out mathematical 
modeling and optimization of business processes in a variety of activities without restrictions on 
the complexity of the structural model of the business process, the qualitative and quantitative 
composition of the connections in the process systems. On their basis, a software package for the 
quantitative design of business processes and process systems under conditions of uncertainty can 
be developed.
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Introduction

Q
uantitative design of business pro-

cesses and corresponding process 

systems requires appropriate quanti-

tative methods of modeling and optimization. 

However, modeling of processes and process 

systems in all fields of activity (manufacture, 

service, maintenance, support, supply, logis-

tics, supply chains) is nowadays mainly qualita-

tive and descriptive. The models are presented 

using either verbal, textual, graphical, or other 

kinds of descriptions or notations that form a 

stream of works, resources, and information. 

In the existing literature on business processes, 

their modeling is assumed to encompass the 

so-called regulation, documenting, and sup-

porting document flow, and the optimiza-

tion is understood as re-engineering, which 

includes a series of actions aimed at coordinat-

ing and amending the processes [1, 2]. How-

ever, all types of organizational instructions 

or actions based on some qualitative criteria 

of an optimum cannot be, in fact, regarded as 

optimization. Optimization should be based 

on mathematical analysis and the search for 

an extremum of some quantitative measure of 

optimality. Using qualitative analysis alone, it 

is impossible to ensure that an optimal solution 

is found. 

In spite of the high demand for the devel-

opment of mathematical methods of model-

ing and optimization of business processes and 

process systems, the design of such processes 

and systems is still mainly performed using 

qualitative approaches. This conclusion fol-

lows from the clearly insufficient number of 

published works on mathematical methods of 

modeling and process optimization (as pointed 

out, e.g., in [3]), as well as from the dire lack 

of case studies on real companies that practice 

quantitative design, modeling and optimiza-

tion of their business processes [4, 5]. We note 

that while the publications [3, 6–14] present 

some mathematical models of business pro-

cesses, these ad hoc results are only applica-

ble to the particular cases considered in those 

papers. Moreover, the majority of publications 

consider business processes under fully deter-

mined conditions only, i.e., on the assumption 

that all the underlying factors of the business 

processes are known exactly and unambigu-

ously. 

In practice, however, all the factors that 

determine the business processes and process 

systems are usually uncertain. Among those 

factors are the future state of the economy, 

finances, market demand and supply, future 

prices of the resources and energy, investment 

amounts, demand for new products, chances, 

risks, and future financial stability of the orga-

nizational units comprising the process system. 

In reality, the parameters of both the present 

and the future necessarily involve uncertainty. 

Therefore we need to incorporate uncertainty 

conditions in the methods of modeling and 

business process optimization in order to ade-

quately describe reality. 

In this paper, we develop a mathematical 

model for the optimization of business pro-

cesses and process systems under uncertainty 

conditions using stochastic interval factors 

obeying the uniform probability distribution. 

The models and methods of modeling and 

optimization developed in this paper can serve 
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as a foundation for the qualitative design of 

processes and process systems, development 

of the relevant software, and can be employed 

in practical applications in the areas of man-

ufacture, support, supply, maintenance, cus-

tomer service, logistics, supply chains among 

others.

 

1. Structural and mathematical models

of the process elements

A structural model of a process and a process 

system includes the set of interacting organi-

zational units that are modeled by the pro-

cess elements and connections between them. 

Within each process element, various activities 

are performed that are aimed at the same com-

mon goal of creating the ultimate end-product 

possessing value for the consumer. A process 

element receives a flow of resources (industry 

factors) at the input. These resources are trans-

formed into either intermediate products or 

end-products at the output of the element. 

According to [2], there are the following 

types of business processes and corresponding 

elements (Figure 1):

 productive, or main, processes and ele-

ments (Figure 1a) – processes that increase 

both the value and cost of the end-product or 

intermediate product, by an amount equal to 

the cost of the product’s manufacture. Within 

a productive element, the input flows of the 

material factors, energy, and labor are trans-

formed into the output product (intermediate 

product, semi-finished product, unfinished 

production, the end-product of the overall 

process);

 supporting processes and elements (Figure 

1b) – processes in which the product is nei-

ther produced or changed either qualitatively 

or quantitatively, value is not added, in con-

trast with the added value due to the energy and 

labor used in the production activities. Within 

a supporting element, the amounts of the pro-

duction factors and products at the input and 

output of the element are equal to each other. 

Examples of supporting activities include load-

ing, unloading, delivery of the factors and 

products, storage, documentation paperwork, 

and so on;

 service processes and elements (Figure 

1c) – processes that increase both the cost 

and the value for the consumer for which 

they are prepared to pay. Similar to a produc-

tive element, a service element adds value to 

the product due to the spending of produc-

tion factors, energy, and labor in the course 

of performing the services. At the same time, 

the amounts of the product at the input and 

output of the service element are equal, as 

they are in a supporting element. The ser-

vice works may include any processing of the 

end-product done at the consumer’s request 

and for which the consumer is prepared to 

Fig. 1. Structural models for the (a) productive, (b) supporting, and (c) service elements

а b c
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pay: custom packaging, sorting, labeling, 

improving the appearance, direct delivery to 

the consumer, etc. 

The input flows of each element include both 

the exogenous flows of resource purchased 

outside the process (set ), and the endoge-

nous flows of products produced within prior 

elements of the same process (set ) that are 

fed, for the production purposes, into other 

elements of the same process. Exogenous 

and endogenous flows in the sets  and  are 

numbered independently and continuously 

throughout the entire structure of the process 

system. 

Let us consider the structural model of a pro-

cess system of a sample business process (Fig-

ure 2). The flows of exogenic and endogenic 

resources are shown by circles with resource 

amounts marked inside them (  for exo-

genic,  for endogenic resources); the incom-

ing resources and/or products are shown by 

arrows; the production elements are shown by 

rectangles (Figure 1a), the supporting elements 

are shown by diamonds (Figure 1b), and the 

service elements are shown by triangles (Figure 

1c). The structural model in Figure 2 contains 

two supporting elements (1 and 6), four pro-

duction elements (2, 3, 4, 5 and 7), and a single 

service element (8). The exogenic resources are 

purchased in the amounts , , , ,  out-

side the process; the endogenic products are 

produced in the amounts y
1
, y

2
, y

3
, y

4
 within the 

process elements 2, 3, 4 and 5. The end-prod-

uct of the entire business process is the output 

of the production element 7; it is produced in 

the amount  and it serves as the input for the 

service element 8, in which service works are 

performed but . 

The works to create the end-product in the 

amount  are performed the following way. 

Resource  and part  of the resource (such 

that  ) are fed into the warehouse 

element 1, and from there to the output of the 

production elements 3 and 4. Part  of the 

resource , and resource  are directly fed 

into the production element 2, where they are 

used to create a product in the amount y
1
. A 

part of this product,  (such that ), 

enters the production element 4, and the 

remaining part  is fed into the production 

element 5. Coming out, the production ele-

ments 3 and 4, the products y
1
 and y

3
 together 

with x
5
 serve as the input for the production 

element 7, where they are transformed. The 

product y
4 
after the production element 5 enters 

the warehouse together with the resource x
4
. 

After that, they are fed as the input into the 

production element 7, where, together with 

the products y
2
, y

3
, and the resource x

5
, they 

are transformed into the end-product of the 

business process y
5
. The latter undergoes ser-

vice actions in the service element 8, where it 

acquires properties demanded and paid for by 

the consumer. 

Fig. 2. A structural model of the business process and process system  
(1, 6 – supporting elements, 2, 3, 4, 5, 7 – production elements, 8 – service element)
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The mathematical model of the i-th pro-

duction element (Figure 1a), which is fed the 

ordered sets of exogenic, X
i

 , and endogenic, Y
i

 , 

flows of resources  

and , is a multifactor 

production function [15, 16], which can be 

represented in the following natural form: 

 ,

where y
l
  Y – the amount of the product that 

was produced within the i-th element. 

In contrast to the production elements, 

where production factors are transformed 

into a qualitatively new product at the output, 

the supporting elements (Figure 1b) perform 

actions to support the production process, 

whereas within the service elements (Figure 

1c), service works are carried out upon the 

created end-product. The production factors 

are not spent within the supporting or service 

elements during various actions; however, the 

energy, labor, and means of labor are spent 

during the works upon the end-product, but 

this does not change its amount.  While the 

supporting processes do not add value to the 

produced products, the service processes, on 

the contrary, add value to the end-product by 

ensuring the properties requested by the con-

sumer and providing services paid for by the 

consumer. 

Therefore, the mathematical models of the 

supporting elements can be represented by 

identity production functions of the produc-

tion factors’ transformation into themselves,

The mathematical models of the service 

elements are then represented by produc-

tion functions that transform the production 

factors and the end-product in the amount 

of y into a product of the same amount, 

 [15, 16].

2. A mathematical model 

of a business process 

and process system 

under conditions of uncertainty 

To adequately describe real business pro-

cesses, mathematical models should take into 

account the uncertainty of the future state of 

economy, finances, market demand prices 

for production factors and energy, volumes of 

investments, chances, risks, and other factors 

of uncertainty (see Section 1), as well as the 

psychological factors that affect the decisions, 

opinions, and estimates [17–21]. Uncertainty 

is modeled by the stochastic interval fac-

tors that are uniformly distributed inside the 

intervals whose boundaries are determined by 

inductive (logical, or subjective) probability 

[16, 20–25]. To set up the optimization model, 

we need to define the quantitative optimiza-

tion criterion and constraints on the range of 

acceptable solutions, D [26]. 

Optimization criterion for the mathemati-

cal model. The uncertain events that might 

be crucial in the future could be divided into 

two types: events that could be favorable for the 

business process (chances) – high profits, goal 

achievement, obtaining the planned results – 

and unfavorable events (risks) such as losses, 

insufficient profit, failures, bankruptcies, etc. 

As shown in [16, 24], to ensure the best solu-

tions, the optimization criterion should maxi-

mize the chances and minimize the risks. The 

complex criterion “chances-risks”  [16, 

24] satisfies these conditions and is defined as

where Ch and R – the total projected chances 

and risks relevant to the process under consid-

eration;

 – the coefficients of relative 

importance of the chances and risks. 

The values of the total chances  

and risks  (where M set includes L 

chances and K risks) are determined [16, 24] 
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as sums of the products of the quantitative 

measures of chances (income, profit, cash) 

 by risks (losses, defaults, 

damages)  by the measures 

of their possible realization, or probabilities,   

P
Ch,k

 and P
R,k 

, i.e. 

Here the qualitative measures of the -th 

chance or risk are stochastic intervals, vary-

ing within the intervals , 

, where  and

 are the lower and upper bounds of 

the intervals of the quantitative measures of 

the chances and risks, which are calculated 

according to the rules of the interval arithme-

tic [27]. 

To obtain the best solution relevant for the 

business process that will maximize the chances 

and minimize the risks at the same time, the 

optimization criterion “chances-risks”  

must be maximized. This means we have to 

find a solution under uncertainty conditions 

such that we ensure the maximum possible dif-

ference between the lower bound for chances   

 and the upper bound for risks  [16, 24] for 

any  (where  is an elementary event, and 

 is the space of elementary events). We obtain 

the following optimization criterion for busi-

ness processes: 

          , (1)

where  

Constraints of the mathematical optimiza-

tion model. Constraints of the mathemati-

cal model are determined by the budget and 

set the conditions for the value of the total 

expenses for the process activities. These 

expenses should not exceed the finances avail-

able for the business process. Let us denote the 

amounts of the purchased exogenic produc-

tion factors by , , 

and their costs by c
Ch,i

  and c
R,i 

, (i = 1, 2, ...m). 

Considering that the costs of the production 

factors are uncertain and given by stochastic 

intervals, and that they vary within the inter-

vals  and , 

 with the lower and upper bounds 

 and , we obtain the expressions 

for the total expenses for the purchase of the 

production factors for each :

Since both the expenses and the funding vol-

umes of the business process are stochastically 

uncertain, we should consider the budget con-

straint in a probabilistic sense, namely through 

the probabilities of satisfying the budget con-

straints (inequalities), which should be lower 

than certain threshold values p
Ch

 and p
R
 set by 

the owner of the business process [28] and the 

business analysts. Therefore, the constraints 

for the chances and risks can be written down 

as follows:

,  (2)

where  and , 

 – the stochastic interval volumes of the 

funding of the business process;

 – the inductive (subjective, or logical) 

probabilities.

The stochastic interval mathematical opti-

mization model. The stochastic interval math-

ematical optimization model of a business 

process with uncertain parameters is set up as 

follows: we need to find the amounts of the 

production factors   , 

, that provide the maxi-

mum value of the criterion “chances-risks” (1) 

and satisfy the probabilistic constraints for the 

chances and risks, i.e.:
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To find the optimal solution for the given 

optimization model under the conditions of 

the stochastic interval uncertainty, we need 

to rewrite the probabilistic constraints (2) as 

the corresponding deterministic equivalents 

[29].

The equivalent deterministic mathematical 

optimization model. Let us note that the sto-

chastic interval costs of the production factors 

c
Ch,i

( ), c
R,i

( ) and the funding volumes I
Ch 

( ),

I
R 

( ),  are uniformly distributed over 

respective intervals. By Lyapunov’s central 

limit theorem [30], their sums, which are equal 

to the total expenses, are normally distributed 

with the expected values

and dispersions

where

By the theorem [29], we rewrite the proba-

bilistic inequalities in the constraints (2) in a 

deterministic form and thus obtain the final 

equivalent deterministic mathematical optimi-

zation model:

where k
Ch

, k
R
 are the quantiles of the standard 

normal distributions;

m(I
Ch

), m(I
R
) and ,  are expected 

values and dispersions for the stochastic inter-

val volumes of funding: 

The deterministic mathematical optimiza-

tion model so obtained belongs to the class of 

general problems of nonlinear programming. 

Its optimal solution can be obtained using spe-

cialized software packages, such as NEOS, 

AMPL, MATLAB, MathOptimizier, GALA-

HAD, and MS Excel. From the optimal solu-

tion  obtained numerically, 

we can find the optimal values for all the fac-

tors of the business process and process system: 

the amount and cost of the end-product, the 

amounts and costs of the intermediate prod-

ucts obtained as the outputs of each element, 

incomes and profits under different projected 

future conditions, etc.

3. Method for estimating 

the inductive probabilities 

of projected events

Probabilities of future events (the state of 

economy, finances, risks, chances, etc.) should 

be estimated using the concept of inductive 

probability, because the projected events are 

unique, and the concepts of the classical or 

the statistical probabilities are not applicable. 

Unique events are not the random objects that 

classical probability theory deals with, because 

such events do not satisfy the necessary con-

ditions of being indefinitely repeatable, uni-

form, and possessing a stable frequency in a 

large number of trials under identical condi-

tions [20–24].

The concept and method for estimating 

the inductive probabilities P(A) for the events 

 to occur are developed in 

[21] and lead to the projections that are consid-

erably more accurate. The method is based both 

on the statistical data on the projections of the 

relevant events over past periods of time and on 

new information about the present trends. The 

data for the past periods of time characterize 
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the errors made by the person who performed 

the projections of the events and estimated 

their probabilities. The data derived from the 

history of the events’ development and infor-

mation about the current trends can be used 

to calculate the corrections. These two types 

of data allow one to derive two matrices: the 

matrix of projecting errors made by the given 

person, , and the matrix of corrected pro-

jections, , calculated by the use of current 

information. As shown in [21], the unknown 

vector P(A) describing the probability that the 

projected events will occur is the eigenvec-

tor of the complete projection error matrix 

 =    corresponding to the eigenvalue 1, 

i.e.    .

Conclusion

The stochastic interval mathematical opti-

mization model proposed in this paper allows 

for the modeling of optimal business processes 

and optimal structures and parameters of the 
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